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NORMALLY TORSION-FREE LEXSEGMENT IDEALS
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Abstract. In this paper we characterize all the lexsegment ideals which are
normally torsion-free. Our characterization is given in terms of the ends of the
lexsegment. We also prove that the property of being normally torsion-free is
equivalent to the property of the depth function of being constant.
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Introduction
Powers of arbitrary ideals in general, and of monomial ideals in particular have
been intensively studied during last years. Conca’s examples [3] of ideals with linear
quotients generated in one degree whose powers do not have a linear resolution show
that the powers of ideals do not generally preserve the homological properties and
the invariants of the ideal. It is interesting to see how much these invariants may
vary compared to those of the given ideal.
Let S = k[x1, . . . , xn] be the polynomial ring in n variables over a field k and
I ⊂ S be a graded ideal. A well-known result of Brodmann [2] says that the sets
of associated primes of powers of I, Ass(S/I t), stabilize for large t. An interesting
case is that when t = 1. In this case the ideal is called normally torsion-free.
More precisely, an ideal I is normally torsion-free if Ass(S/I) = Ass(S/Ik), for all
k ≥ 2. Examples of normally torsion-free ideals appear from graph theory. It is
known that a graph G is bipartite if and only if its edge ideal is normally torsion-
free, [15]. Even if squarefree monomial ideals which are normally torsion-free have
been intensively studied [14], [15], [16], normally torsion-free monomial ideals which
are not squarefree are almost unknown. We aim at characterizing all lexsegment
ideals which are normally torsion-free. This will provide a large class of normally
torsion-free monomial ideals which are not squarefree. We recall that, if d ≥ 2 is
an integer and u and v are two monomials of degree d in S such that u ≥lex v,
then the monomial ideal generated by all the monomials m of degree d such that
u ≥lex m ≥lex v is called a lexsegment ideals. Lexsegment ideals were defined by
Hullet and Martin [12] and they were also studied by Aramova, De Negri and Herzog
[1], [4].
The author was supported by the BitDefender Postdoctoral Fellowship at the “Simion Stoilow”
Institute of Mathematics of the Romanian Academy (IMAR) and by the CNCSIS-UEFISCSU
project PN II-RU PD 23/2010.
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The paper is organized in two sections. Since there is a strong connection between
the property of an ideal I ⊂ S of having the maximal graded ideal as an associated
prime ideal and the depth, more precisely, for an ideal I of S, depth(S/I) = 0 if
and only if m = (x1, . . . , xn) ∈ Ass(S/I), the first section is devoted to the study of
the depth of the powers of lexsegment ideals. We prove that, if d ≥ 2 is an integer,
u ≥lex v are two monomials of degree d which do not satisfy any of the following
conditions: (i) x2 ∤ u, x
d
2 ≥lex v >lex xd−12 xmin(u/x1) and w > x2u/x1, where w is
the greatest monomial of degree d such that w <lex v, (ii) d = 2, u ≤lex x1x3 and
v = x22, and I is the corresponding lexsegment ideal, then there exists some k ≥ 1
such that depth(S/Ik) = 0. Moreover, if depth(S/Ik) = 0 for some k ≥ 1, then
depth(S/Ik+j) = 0, for all j ≥ 1.
In the second section, we determine classes of lexsegment ideals which are normally
torsion free. Using the results from the first section, one may easy see that these
are the only classes of lexsegment ideals. For lexsegment ideals, properties such
as having a linear resolution or being Cohen–Macaulay can be determined just by
looking at the ends of the lexsegment [1], [4]. Our characterization for normally
torsion-free lexsegment ideals is also given in terms of the ends of the lexsegment.
Moreover, one may easy see that the property of being normally torsion-free is
equivalent with the property of the depth of the powers of being constant.
1. Depth of powers of lexsegment ideals
In this section, we will focus on the depth of powers of lexsegment ideals. Through
this paper, we denote by S = k[x1, . . . , xn] the polynomial ring in n variables over a
field k. We aim at finding all the lexsegment ideals I which have the property that
there exists some k ≥ 1 such that depth(S/Ik) = 0. In order to do this, we will
prove that there exists some k ≥ 1 such that m = (x1, . . . , xn) ∈ Ass(S/Ik). Firstly,
we recall the most frequently used concepts.
Let I ⊆ S be a monomial ideal. A prime ideal p is an associated prime ideal of I
if there exists a monomial m in S such that p = I : (m). If we denote by Min(S/I)
the set of minimal prime ideals over I, then it is known that Min(S/I) ⊆ Ass(S/Ik)
for every k ≥ 1.
Let m = xa11 · · ·xann be a monomial. For any i, 1 ≤ i ≤ n, we denote νi(m) = ai.
The set supp(m) = {i : νi(m) ≥ 1} is called the support of the monomial m. One
may define min(m) := min(supp(m)) and max(m) := max(supp(m)). Also, for a
monomial ideal I ⊂ S, we will denote by G(I) the minimal monomial generating
set of I.
Let <lex be the lexicographical order on S with respect to x1 >lex · · · >lex xn.
We recall that, for two monomials m and m′, m <lex m
′ if deg(m) < deg(m′) or
deg(m) = deg(m′) and there exists 1 ≤ s ≤ n such that, for any i < s, νi(m) =
νi(m
′) and νs(m) < νs(m
′).
Let d ≥ 2 be an integer. We denote by Md the set of all the monomials in S of
degree d. For two monomials u and v in Md such that u ≥lex v, one considers the
set L(u, v) = {m : m ∈ Md, u ≥lex m ≥lex v} which is called a lexsegment set. If
u = xd1, then Li(v) := L(xd1, v) is called an initial lexsegment, and if v = xdn then
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Lf(u) := L(u, xdn) is called a final lexsegment. A (initial, final) lexsegment ideal is a
monomial ideal generated by a (initial, final) lexsegment set.
Let u, v ∈Md be two monomials, u ≥lex v, and I = (L(u, v)) be the corresponding
lexsegment ideal. We note that we may always assume that x1 | u and x1 ∤ v. Indeed,
if x1 | v we denote u = xa11 · · ·xann and v = xb11 · · ·xbnn , with a1 ≥ b1 > 0. If a1 = b1,
then I = (L(u, v)) is isomorphic, as an S-module, to the ideal generated by the
lexsegment L(u/xa11 , v/xb11 ) of degree d− a1. This lexsegment may be studied in the
polynomial ring in a smaller number of variables. If a1 > b1, then I = (L(u, v))
and (L(u/xb11 , v/xb11 )) are isomorphic as S-modules and we have ν1(u/xb11 ) > 1 and
ν1(v/x
b1
1 ) = 0. Therefore, through this section, we will always assume that x1 | u
and x1 ∤ v. We denote by w the largest monomial of degree d such that w <lex v.
The following result describes the depth for the powers of lexsegment ideals I
such that depth(S/I) = 0.
Proposition 1.1. Let u and v be two monomials of degree d, u ≥lex v, and I =
(L(u, v)). If depth(S/I) = 0, then depth(S/Ik) = 0 for any k ≥ 1.
Proof. According to [5, Proposition 3.2], depth(S/I) = 0 if and only if xnu ≥lex x1v.
Let us fix an arbitrary integer k ≥ 2. Firstly, let us assume that ν1(u) > 1. In
this case, the inequality xnu ≥lex x1v is obviously fulfilled. Let m = uk/x1, with
deg(m) = kd− 1. Thus m /∈ Ik. Since xim = (xiu/x1)uk−1 ∈ Ik for any 1 ≤ i ≤ n,
we get that m ⊆ Ik : (m). The other inclusion being trivial, we get depth(S/Ik) = 0.
Let now ν1(u) = 1, thus u ≤lex x1xd−12 . Since xnu ≥lex x1v, we must have
v ≤lex xd−12 xn. Let m = u(xd−12 xn)k−1/x1 with deg(m) = kd− 1, thus m /∈ Ik. Since
x1m = u(x
d−1
2 xn)
k−1 ∈ Ik and xim = (xnu/x1)(xd−12 xi)(xd−12 xn)k−2 ∈ Ik, we get that
m ⊆ Ik : (m). The other inclusion being obviously true, we get depth(S/Ik) = 0. 
The proofs of the next results work as follows. In order to show that depth(S/Ik) =
0 we provide a monomialm ∈ S of degree dk−1, thusm /∈ Ik, such that m ⊆ I : (m).
Since the other inclusion I : (m) ⊆ m is obviously true, we get that m ∈ Ass(S/Ik),
hence depth(S/Ik) = 0. Therefore, in the following proofs, we only show which is a
right choice for the monomial m in each case.
Firstly, for the case when d = 2, we determine all the lexsegment ideals I such
that depth(S/Ik) = 0 for some k ≥ 1.
Proposition 1.2. Let u, v ∈ M2, u ≥lex v, and I = (L(u, v)) be the corresponding
lexsegment ideal.
(a) If u ≥lex x1x2, then depth(S/Ik) = 0, for any k ≥ 2.
(b) If u = x1x3, x
2
2 >lex v ≥lex x2xn−1, then depth(S/Ik) = 0 for any k ≥ 3.
(c) If u <lex x1x3, x2xmax(u) ≥lex v ≥lex x2xn−1, then depth(S/Ik) = 0 for any
k ≥ 3.
(d) If u ≤lex x1x3 and v ≤lex x2xn then depth(S/Ik) = 0 for any k ≥ 2.
Proof. We now show which is a right choice for the monomial m of degree 2k − 1
such that m ⊆ Ik : (m) for some k in each case.
(a) Let m = x1(x
2
2)
k−1. Then x1m = (x1x2)
2(x22)
k−2 ∈ Ik and, for 2 ≤ i ≤ n,
xim = (x1xi)(x
2
2)
k−1 ∈ Ik.
3
(b) Let m = x22u
k−1/x1. Then x1m = x
2
2u
k−1 ∈ Ik, x2m = (x2x3)(x22)uk−2 ∈ Ik
and xim = (x2x3)
2(x1xi)u
k−3 ∈ Ik for every 3 ≤ i ≤ n.
(c) Let m = x22u
k−1/x1. Then one has that the monomials x1m = x
2
2u
k−1 and
x2m = (x2xj)(x
2
2)u
k−2 are in Ik. For i ≤ j, one may write xim = (x2xi)(x2xj)uk−2 ∈
Ik, and if i > j, xim = (x2xj)
2(x1xi)u
k−3 ∈ Ik.
(d) Let m = (x22)
k−1xn. Then we have that x1m = (x
2
2)
k−1(x1xn) ∈ Ik and
xim = (x
2
2)
k−2(x2xn)(x2xi) ∈ Ik for any 2 ≤ i ≤ n. 
By using Corollary 2.6 and Corollary 2.9, one may note that these are the only
lexsegment ideals I of degree 2 such that depth(S/Ik) = 0 for some k.
Next, we will consider d ≥ 3 and w <lex x2u/x1. Let w be the largest monomial
of degree d such that w <lex v. We are going to treat each of the following cases:
w <lex x2u/x1, w = x2u/x1, and w >lex x2u/x1.
In the next proposition we take w <lex x2u/x1, thus v ≤lex x2u/x1.
Proposition 1.3. Let d ≥ 3 and I = (L(u, v)) be a lexsegment ideal such that
v ≤lex x2u/x1. Then depth(S/Ik) = 0, for all k ≥ 2.
Proof. Let us fix k ≥ 2. We only indicate a right monomial m of degree dk− 1 such
that m ⊆ Ik : (m) for some k.
If ν1(u) > 1, then depth(S/I) = 0 and the statement follows from Proposition 1.1.
Therefore, we may assume that ν1(u) = 1.
Let m = xd2u
k−1/x1. Then x1m = u
k−1xd2 ∈ Ik and, for any 2 ≤ i ≤ n, xim =
(x2u/x1)(x
d−1
2 xi)u
k−2 ∈ Ik. If xd−12 xn ≥lex v, then xim ∈ Ik for all i.
Let us assume that there exists 2 ≤ i ≤ n such that xd−12 xi <lex v, that is
v = xd−12 xj , for some j < i. Since v ≤lex x2u/x1, the monomial u must be of the form
u = x1x
d−2
2 xt, with t ≤ j < i. Therefore x1xd−22 xi <lex u. In this case, we take m′ =
(x1x2x
d−2
n )
k−1u/x1 for which we get that the monomials x1m
′ = (x1x2x
d−2
n )
k−1u and
xim
′ = (x1xix
d−2
n )(x1x2x
d−2
n )
k−2(x2u/x1) are in I
k, for any 2 ≤ i ≤ n. 
We consider next the case when w = x2u/x1, where, as above, w is the largest
monomial of degree d such that w <lex v.
Proposition 1.4. Let d ≥ 3 and I = (L(u, v)) be a lexsegment ideal generated in
degree d such that w = x2u/x1. Then depth(S/I
k) = 0 for any k ≥ d.
Proof. Let us fix k ≥ 2. As before, we find a right monomial m of degree dk − 1
such that m ⊆ Ik : (m) for some k.
If v >lex x
d−1
2 xn, we consider the monomial m = x1x
d−2
n (x
d
2)
k−1. Then x1m =
(x1x
d−2
2 xn)(x1x
2
2x
d−3
n )(x
d
2)
k−2 ∈ Ik, since w ≥lex xd−12 xn implies u ≥lex x1xd−22 xn. We
also have xim = (x1xix
d−2
n )(x
d
2)
k−1 ∈ Ik for any i ≥ 2.
If v ≤lex xd−12 xn, let us choose m = (xd−12 xn)k/xn. One may note that x1m =
(x1x
d−1
n )(x
d
2)
d−1(xd−12 xn)
k−d ∈ Ik and xim = (xd−12 xi)(xd−12 xn)k−1 ∈ Ik for any i ≥
2. 
In the sequel, we study the depth in the case when w >lex x2u/x1. In particular
ν1(u) = 1, therefore, if we denote M = min(u/x1), we get M ≥ 2.
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Proposition 1.5. Let d ≥ 3 be an integer and I = (L(u, v)) be a lexsegment ideal
generated in degree d such that w >lex x2u/x1.
(a) If v ≤lex xd−12 xn, then depth(S/Ik) = 0 for any k ≥ d.
(b) If xd−12 xn <lex v ≤lex xd−12 xM , then depth(S/Ik) = 0 for any k ≥ 2d.
(c) If x2 | u and v = xd2, then depth(S/Ik) = 0 for any k ≥ d.
Proof. In each case, we choose a right monomial m of degree dk − 1 such that
m ⊆ Ik : (m) for some k.
(a) Let k ≥ d and m = xd−1n (xd2)k−1. Then x1m = (x1xd−1n )(xd2)k−1 ∈ Ik and,
taking into account that k ≥ d, xim = (xd−12 xn)d−1(xd−12 xi)(xd2)k−d ∈ Ik, for all
2 ≤ i ≤ n.
(b) Let k ≥ 2d and m = (xd2)k−dud/x1 and assume u = x1xaMM · · ·xann , thus
aM ≤ d− 1. Then x1m = (xd2)k−dud ∈ Ik,
xim = (x
d−1
2 xM)
d−1(xd−12 xi)(x
d
2)
k−2d+1uaM+1
∏
t∈supp(u)
t>M
(
xtu
xM
)at
∈ Ik,
for all 2 ≤ i ≤M , and, if M < i ≤ n,
xim = (x
d−1
2 xM)
d−1xiu
xM
(xd2)
k−2d+1uaM
∏
t∈supp(u)
t>M
(
xtu
xM
)at
∈ Ik.
(c) Let us fix k ≥ d. Let u = x1xaMM · · ·xann and m = uk/x1. Then x1m ∈ Ik and,
taking into account that k ≥ d and x2 | u,
xim = (x
d
2)
xiu
x2
∏
j∈supp(u/(x1))
(
xju
x2
)aj
.
Since xju/x2 ≤lex u, we get that xim ∈ Ik. 
According to Corollary 2.6 and Corollary 2.9, one may note that these are the
only lexsegment ideals I of degree d ≥ 3 such that depth(S/Ik) = 0 for some k.
Taking into account all the above results, we may conclude:
Theorem 1.6. Let I = (L(u, v)) be a lexsegment ideal which does not satisfy any
of the following conditions:
(i) xd2 ≥lex v >lex xd−12 xmin(u/x1) and w >lex x2u/x1, where w is the greatest
monomial of degree d with w <lex u;
(ii) d = 2, u ≤lex x1x3 and v = x22.
Then there exists some k ≥ 1 such that depth(S/Ik) = 0. Moreover, if depth(S/Ik) =
0 for some k ≥ 1, then depth(S/Ik+j) = 0, for any j ≥ 1.
A particular class of lexsegment ideals for which we have a nice behavior for the
depth of their powers is that of lexsegment ideals with a linear resolution.
Proposition 1.7. Let I = (L(u, v)) be a lexsegment ideal with a linear resolution.
Then depth(S/Ik) = 0, for any k ≥ 2.
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Proof. Firstly, we consider that I is a completely lexsegment ideal with a linear
resolution. Using [1, Theorem 1.3], we must have one of the following cases:
(a) u = xa1x
d−a
2 , v = x
a
1x
d−a
n for some a, 0 < a ≤ d;
(b) b1 < a1 − 1;
(c) b1 = a1 − 1 and x1w/xmax(w) ≤lex u, where w is the largest monomial of
degree d such that w <lex v.
The case d = 2 is obvious. Therefore, we assume d ≥ 3. One may note that in cases
(a) and (b) we have depth(S/I) = 0 according to [5, Proposition 3.2]. Therefore, by
Proposition 1.1, we have depth(S/Ik) = 0, for any k > 1.
For the case (c), we note that w ≤lex xmax(w)u/x1 <lex x2u/x1 since w <lex xd2 im-
plies max(w) > 2. Therefore, v ≤lex x2u/x1 and, by Proposition 1.3, depth(S/Ik) =
0, for any k ≥ 2.
Now, let us assume that I is a lexsegment ideal with a linear resolution which
is not a completely lexsegment ideal. We note that it is enough to prove that
depth(S/I2) = 0. Indeed, according to [6], any power of a lexsegment ideal with a
linear resolution has linear quotients. Therefore, by [9, Proposition 2.1], the depth
is a non-increasing function which implies depth(S/Ik) = 0, for any k ≥ 2.
In order to do this, we prove that m = (x1, . . . , xn) ∈ Ass(S/I2). Since I is
a lexsegment ideal with a linear resolution which is not a completely lexsegment,
according to [1, Theorem 2.4], the monomials u and v must be of the form u =
x1x
al+1
l+1 · · ·xann , v = xlxd−1n for some 2 ≤ l ≤ n − 1. Let m = xdl u/x1 /∈ I2. Then
x1m = ux
d
l and xim = (x
d−1
l xi)(xlu/x1) are in I
2, for all 2 ≤ i ≤ n. Therefore
m ⊆ I2 : (m). Since the other inclusion is trivial, we get depth(S/I2) = 0, which
ends the proof. 
2. Normally torsion-free lexsegment ideals
We characterize all the lexsegment ideals which are normally torsion-free. The
following result shows that we can reduce our study to those lexsegment ideals which
have x1 | u and x1 ∤ v.
Lemma 2.1. Let u, v be two monomials of degree d such that x1 | u and x1 | v and
I = (L(u, v)). Let b = ν1(v) and we consider monomials u′ = u/xb1 and v′ = v/xb1.
Let I ′ = (L(u′, v′)). Then Ass(S/I) = {(x1)} ∪ Ass(S/I ′).
Proof. It is clear that {(x1)} ∪ Ass(S/I ′) ⊆ Ass(S/I). Let us consider the converse
inclusion. Let p ∈ Ass(S/I). If x1 /∈ p, then we must have p ∈ Ass(S/I ′). Therefore
let x1 ∈ p. If p = (x1), then the statement is clear. We assume that there is some
i ≥ 2 such that xi ∈ p. Since p ∈ Ass(S/I), there exists a monomial m /∈ I such
that p = I : (m). In particular, xim ∈ I and xb1 | m. Let m′ = m/xb1 and we prove
that p = I ′ : (m′). Indeed, for any xj ∈ p we have xjm ∈ I. Thus, for any xj ∈ p,
there exists α ∈ L(u, v) such that α | xjm. This implies that α/xb1 divides xjm′ and
α/xb1 ∈ L(u′, v′), thus xjm′ ∈ I ′ and p ⊆ I ′ : (m′). For the converse inclusion, let
β ∈ I ′ : (m′). We have to prove that β ∈ p. We have βm′ ∈ I ′, that is there exists
a monomial α′ ∈ L(u′, v′) such that α′ | βm′. This implies xb1α′ | βm and, since
xb1α ∈ L(u, v), β ∈ I : (m) = p. 
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Henceforth, we will assume that x1 | u and x1 ∤ v. We will firstly consider the case
when depth(S/(L(u, v))) = 0. For this class of ideals, the set of associated prime
ideals is known.
Proposition 2.2 ([13]). Let I = (L(u, v)) be a lexsegment ideal with depth(S/I) = 0
which is not an initial ideal. Then
Ass(S/I) = {(x2, . . . , xn)} ∪ {(x1, . . . , xj) : j ∈ supp(v) ∪ {n}}.
Proposition 2.3. Let I = (L(u, v)) be a lexsegment ideal with depth(S/I) = 0.
Then I is normally torsion-free.
Proof. Using [5, Proposition 3.2], depth(S/I) = 0 is equivalent to the fact that
xnu ≥lex x1v. If I = (Li(v)) is an initial ideal such that x1 ∤ v, then Ass(S/I) =
{(x1, . . . , xj) : j ∈ supp(v) ∪ {n}}, [11].
We have to show that Ass(S/I) = Ass(S/Ik), for any k ≥ 2.
“⊆” Let k ≥ 2 and p ∈ Ass(S/I). If x1 /∈ p, then I is not an initial lexsegment ideal
and p = (x2, . . . , xn), according to Proposition 2.2. By the proof of [5, Proposition
3.1], (x2, . . . , xn) ∈ Min(S/I) ⊆ Ass(S/Ik). Let x1 ∈ p. By Proposition 1.1, the
ideal (x1, . . . , xn) ∈ Ass(S/Ik).
Let us assume now that p = (x1, . . . , xj), with j ∈ supp(v). We may assume that
j < n. Let m = (x1x
d−1
n )
k−1v/xj /∈ Ik, since deg(m) = kd − 1. Then p = Ik : (m).
Indeed, x1m = (x1v/xj)(x1x
d−1
n )
k−1 ∈ Ik, since x1v ≤lex xnu <lex xju. If 2 ≤ i ≤ j,
we get xim = (xiv/xj)(x1x
d−1
n )
k−1 ∈ Ik since xd2 ≥lex xiv/xj ≥lex v. Therefore
p ⊆ Ik : (m). For the other inclusion, we assume by contradiction that there exists
a monomial m′ ∈ Ik : (m) such that m′ /∈ p, that is supp(m′) ⊆ {j + 1, . . . , n}. One
may easy note that m′ /∈ Ik. Since m′ ∈ Ik : (m), there exists ω ∈ G (Ik) such that
ω/ gcd(ω,m) | m′, thus supp(ω/ gcd(ω,m)) ⊆ {j+1, . . . , n} and νj(ω/ gcd(ω,m)) ≤
νj(m) = νj(v) − 1. Let a = ν1(ω). We obviously have a ≤ k − 1. One may note
that ω ≥lex (x1xd−1n )avk−a = T , therefore there exists s such that, for any i < s,
νi(ω) = νi(T ), and νs(ω) > νs(T ). Since supp(ω/ gcd(ω,m)) ⊆ {j + 1, . . . , n},
we must have supp(ω/ gcd(ω, T )) ⊆ {j + 1, . . . , n} and s ≥ j + 1. Then νj(ω) =
νj(v
k−a) = (k − a)νj(v), contradiction with νj(ω) < νj(v)− 1. Thus p = Ik : (m).
“⊇” Let us fix k ≥ 2. Using Proposition 1.1, m ∈ Ass(S/Ik) and m ∈ Ass(S/I).
Let p ∈ Ass(S/Ik) and assume that x1 ∈ p. Let j := max{i : xi ∈ p}. Since
p ∈ Ass(S/Ik), there exists a monomial m /∈ Ik such that p = Ik : (m).
Firstly, we prove that, for any 1 < i < j, xi ∈ p. Indeed, let 1 < i < j be an
integer. Since xjm ∈ Ik, there exist α1, . . . , αk ∈ L(u, v) and β a monomial in S such
that xjm = α1 · · ·αkβ. Since m /∈ Ik, we must have xj ∤ β. Let 1 ≤ t ≤ k be such
that xj | αt. Therefore m = α1 · · · (αt/xj) · · ·αkβ. One may note that x1 ∤ αt since,
otherwise, xnαt/xj ∈ L(u, v), which implies xnm ∈ Ik and xn ∈ p, contradiction.
Thus xiαt/xj >lex v and xim ∈ Ik, that is xi ∈ Ik : (m) = p.
Next we claim that j ∈ supp(v). Let us assume by contradiction that j /∈ supp(v).
We assumed that p 6= m and this implies j 6= n. Since xjm ∈ Ik, there exist
monomials α1, . . . , αk ∈ L(u, v) and β a monomial in S such that xjm = α1 · · ·αkβ.
Let 1 ≤ t ≤ k be such that xj | αt. Therefore m = α1 · · · (αt/xj) · · ·αkβ. As before,
we cannot have x1 | αt since, in this case, we obtain also that xsm ∈ Ik, for all s > j,
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that is Ik : (m) = m. We consider the monomial xnm = α1 · · · (xnαt/xj) · · ·αkβ.
If xnαt/xj ≥lex v, we get that xn ∈ p, that is p = m, contradiction. Therefore, we
assume that xnαt/xj <lex v, that is there exists s ≥ 2 such that, for any 2 ≤ i < s,
νi(v) = νi(xnαt/xj) and νs(v) > νs(xnαt/xj). On the other hand, αt ≥lex v implies
that there exists s′ ≥ 2 such that, for any 2 ≤ i < s′, νi(v) = νi(αt) and νs′(v) <
νs′(αt). Since νs(v) > νs(xnαt/xj), νs′(v) < νs′(αt), and xj ∤ v we get that νj(αt) = 1
and s > j. Let b = νs(v). Then x
b+1
s m = α1 · · · (xb+1s αt/xj) · · ·αkβ and we obviously
have xb+1s αt/xj ∈ I, that is xb+1s ∈ p and xs ∈ p, contradiction. Therefore, if x1 ∈ p,
we must have p ∈ {(x1, . . . , xj) : j ∈ supp(v) ∪ {n}}.
Let us assume that x1 /∈ p and we prove that p = (x2, . . . , xn). Indeed, let 2 ≤ i ≤
min(u/x1). Taking into account that xnu ≥lex x1v, we have i ≤ min(v) and xi ∈ p
since p ⊃ Ik and (xdi )k ∈ Ik. If i > min(u/x1), then (x1x(d−1)i )k ∈ Ik, and, since
x1 ∤ p and p ⊇ Ik, we must have xi ∈ p. Therefore p = (x2, . . . , xn) ∈ Ass(S/I). 
According to the results from the first section, we have two remaining cases to
study: (i) d = 2, u = x1x3 and v = x
2
2 and (ii) x
d−1
2 xM <lex v ≤ xd2 and w >lex
x2u/x1, where w is the greatest monomial of degree d such that w <lex v and
M = min(u/x1).
Firstly, we consider the case when u ≤lex x1x3 and v = x22. The following re-
sult describes the behavior of the set of associated prime ideals when passing to
polynomial rings with a smaller number of variables.
Lemma 2.4 ([16]). Let I be a monomial ideal in S and let xi be a variable such that
xi ∤ m for any m ∈ G(I). Then there is a one-to-one correspondence between the
sets AssS(S/I) and AssS(S/(I, xi)) given by p ∈ AssS(S/I) if and only if (p, xi) ∈
AssS(S/(I, xi)).
Proposition 2.5. Let d = 2 and I = (L(u, v)) be a lexsegment ideal such that
u ≤lex x1x3 and v = x22. Then I is normally torsion-free.
Proof. According to Lemma 2.4, it is enough to show the statement for the case
u = x1x3. Therefore I = (x1x3, . . . , x1xn, x
2
2). One may note that
I = (x1) ∩ (x3, . . . , xn) + (x22) = (x1, x22) ∩ (x22, x3, . . . , xn),
which is a standard primary decomposition of I, therefore
Ass(S/I) = {(x1, x2), (x2, x3, . . . , xn)}.
Since Ass(S/I) = Min(S/I) ⊆ Ass(S/Ik), we only have to prove that Ass(S/I) ⊇
Ass(S/Ik) for any k ≥ 2.
Let k ≥ 2 and p ∈ Ass(S/Ik). One may easy note that we must have x2 ∈ p since
(x22)
k ∈ Ik. Since (x2, . . . , xn) is obviously a minimal prime ideal over Ik, we have
only to consider the case when x1 ∈ p.
Therefore, let x1 ∈ p. We assume by contradiction that there exists 3 ≤ i ≤ n
such that xi ∈ p. Since p ∈ Ass(S/Ik), there exists a monomial m /∈ Ik such that
p = Ik : (m). In particular, pm ⊆ Ik. Therefore x1m ∈ Ik and xim ∈ Ik. Since
xim ∈ Ik, we get that x1 | m. Let m = xa11 · · ·xann . Since x1m ∈ Ik and m /∈ Ik we
must have a1+1 ≤ a3+· · ·+an. Indeed, if a1+1 > a3+· · ·+an, then a1 ≥ a3+· · ·+an
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and, taking into account that the monomials from L(u, v) which are divisible by x1
are of the form x1xj , with j ≥ 3, we get that m ∈ Ik, contradiction. On the other
hand, xim ∈ Ik and m /∈ Ik imply a1 ≥ a3 + · · ·+ an + 1 using a similar argument.
Thus a1 ≥ a1 + 2, contradiction. Therefore, the only associated prime ideal of Ik
which contains x1 is (x1, x2). 
Corollary 2.6. Let d = 2 and I = (L(u, v)) be a lexsegment ideal such that u = x1xi
for some 3 ≤ i ≤ n and v = x22. Then depth(S/Ik) = i− 2, for any k ≥ 1.
Proof. If i = 3, then, according to Proposition 2.5, depth(S/Ik) = 1 for any k ≥ 1.
If 4 ≤ i ≤ n, then x3, . . . , xi−1 is a regular sequence on S/Ik, for any i ≥ 4.
Then depth(S/Ik) = depth(S/(Ik, x3, . . . , xi−1)) + i − 3, for any k ≥ 1. Let us
consider the ideal I ′ = I ∩ S ′ ⊆ S ′ = k[x1, x2, xi, . . . , xn]. By the first part of
the proof, depth(S ′/I ′k) = 1 for any k ≥ 1. On the other hand depth(S ′/I ′k) =
depth(S/(Ik, x3, . . . , xi−1)), therefore depth(S/I
k) = i− 2. 
We now consider that xd−12 xM <lex v ≤ xd2 and w >lex x2u/x1, where w is the
greatest monomial of degree d such that w <lex v and M = min(u/x1). We need
the following lemma.
Lemma 2.7. Let I be a monomial ideal in the polynomial ring in n variables over
a field k, S = k[x1, . . . , xt, y1, . . . , ys] with s + t = n, such that I = JS +KS where
J ⊂ S1 = k[x1, . . . , xt] and K ⊂ S2 = k[y1, . . . , ys]. Then p ∈ AssS(S/I) if and only
if p = p1S + p2S, where p1 ∈ AssS1(S1/J) and p2 ∈ AssS2(S2/K).
Proof. Let J =
s⋂
i=1
Qi and K =
r⋂
j=1
Q′j be the two standard primary decomposition
of the ideals J and K in the polynomial rings S1 and S2 respectively. This means
that Qi and Q
′
j are irreducible monomial ideals and the intersection is irredundant.
Then I = JS + KS =
⋂
i,j
(Qi + Q
′
j)S is the standard primary decomposition of
I. One has p ∈ AssS(S/I) if and only if there exists 1 ≤ i ≤ s and 1 ≤ j ≤ r
such that p =
√
Qi +Q′jS =
√
QiS +
√
Q′jS. This is equivalent to p = piS + pjS
for some i and j, with 1 ≤ i ≤ s and 1 ≤ j ≤ r, where pi =
√
Qi ⊂ S1 and
pj =
√
Q′j ⊂ S2. Therefore p = piS + pjS for some i, j, 1 ≤ i ≤ s and 1 ≤ j ≤ r,
where pi ∈ AssS1(S/J) and pj ∈ AssS2(S2/K). 
Proposition 2.8. Let I = (L(u, v)) be a lexsegment ideal such that v >lex xd−12 xM
and w >lex x2u/x1, where w is the greatest monomial of degree d with w <lex u and
M = min(u/x1). Then I is normally torsion-free.
Proof. Since w >lex x2u/x1 we have that ν1(u) = 1. Moreover, since x1 ∤ v, we must
have M ≥ 3, that is u ≤lex x1xd−13 . Using Lemma 2.4, it is enough to consider the
case when v = xd−12 xM−1.
We have to prove that AssS(S/I) = AssS(S/I
k), for any k ≥ 2.
“⊆” Let k ≥ 2 and p ∈ AssS(S/I), that is there exists a monomial m /∈ I such
that I : (m) = p. We have to prove that p ∈ AssS(S/Ik), that is there exists a
monomial ω /∈ Ik such that p = Ik :S (ω).
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Let us denote J = x1(LfS1(u/x1)) ⊂ S ′1 = k[x1, xM , . . . , xn], and K = (LiS2(v)) ⊂
S2 = k[x2, . . . , xM−1]. We have I = JS +KS. Using Lemma 2.7, we get that there
exist p1 ∈ AssS′
1
(S ′1/J) and p2 ∈ AssS2(S2/K) such that p = p1S + p2S.
Taking into account that J = (x1) ∩ (LfS1(u/x1)), the only associated prime ideal
of J which contains x1 is (x1). Since we may write K = x
d−1
2 (x2, . . . , xM−1) we
get AssS2(S2/K) = {(x2), (x2, . . . , xM−1)}. Thus, if x1 ∈ p, then p = (x1, x2) or
p = (x1, x2, . . . , xM−1). In the first case, we have that (x1, x2) ∈ Min(S/I), and
in the second case, Ik :S (x
d−1
n x
dk−1
2 ) = (x1, x2, . . . , xM−1), thus both ideals are in
AssS(S/I
k).
Let us assume now that x1 /∈ p. Since p1 ∈ AssS′
1
(S ′1/J) there exists a monomial
α ∈ S ′1 such that J :S′1 (α) = p1. If p2 = (x2), then one may consider the monomial
ω = αvk/x2 /∈ Ik such that p = Ik :S (ω). If p2 = (x2, . . . , xM−1), then p = Ik :S
(αxdk−12 ), therefore p ∈ AssS(S/Ik).
“⊇” Let k ≥ 2 and p ∈ AssS(S/Ik). We have to prove that p ∈ AssS(S/I), which,
by Lemma 2.7, means to show that there exist p1 ⊂ S ′1, p1 ∈ AssS′1(S ′1/J) and
p2 ⊂ S2, p2 ∈ AssS2(S2/K) such that p = p1S + p2S. Since p ⊃ Ik, we get p ⊃ Jk
and p ⊃ Kk, therefore there exist p1 ⊂ S ′1 and p2 ⊂ S2 such that p = p1S + p2S.
We have to prove that p1 ∈ AssS′
1
(S ′1/J) and p2 ∈ AssS2(S2/K).
Since p ∈ AssS(S/Ik), there exists a monomial ω /∈ Ik such that p = Ik :S (ω).
Using that p = p1S + p2S, we have supp(ω) ∩ {1,M, . . . , n} 6= ∅ and supp(ω) ∩
{2, . . . ,M − 1} 6= ∅, that is ω = ω1ω2, with ω1 ∈ S ′1 and ω2 ∈ S2. Moreover,
pω ⊆ Jk1Kk2 with k1, k2 ≥ 1 and k1 + k2 = k. One may easy note that ω1 /∈ Jk1
and ω2 /∈ Kk2, otherwise we get a contradiction.
Firstly, we prove that p1 ∈ AssS′
1
(S ′1/J). Let us assume that x1 ∈ p. We show
that, for any i, M ≤ i ≤ n, xi /∈ p. Assume that there exists M ≤ i ≤ n such
that xi ∈ p. In particular, we have x1ω1 ∈ Jk1 and xiω1 ∈ Jk1 . Since Jk1 =
xk11 (LfS1(u/x1))k1 and using that x1ω1 ∈ Jk1 and ω1 /∈ Jk1 , we get xk1−11 | ω1 and
xk11 ∤ ω1. On the other hand, xiω1 ∈ Jk1 implies xk11 | ω1, contradiction. Thus
p1 = (x1) ∈ Min(S ′1/J) ⊆ AssS′1(S ′1/J).
If x1 /∈ p, then x1 /∈ p1. Taking into account that (x1xd−1i )k ∈ Jk, for any
M + 1 ≤ i ≤ n, and p ⊇ Jk, we get (xM+1, . . . , xn) ⊂ p, therefore (xM+1, . . . , xn) ⊆
p1. If xM ∈ p, then p1 = (xM , . . . , xn), and, since p1 = J :S′
1
(u/xM) we get
p1 ∈ AssS′
1
(S ′1/J). If xM /∈ p, we have p1 = (xM+1, . . . , xn) ∈ Min(S ′1/J). Therefore
p1 ∈ AssS′
1
(S ′1/J).
We now prove that p2 ∈ AssS2(S2/K). We obviously have x2 ∈ p since (xd2)k ∈
Ik, thus x2 ∈ p2. We show that, if there exists xi ∈ p, 2 < i < M , then,
(x2, . . . , xM−1) ⊆ p. Indeed, if xi ∈ p, we get xiω1ω2 ∈ Jk1Kk2, therefore xiω2 ∈ Kk2,
that is there exists α1, . . . , αk2 ∈ LiS2(v) and β ∈ S2 such that xiω2 = α1 · · ·αk2β.
In particular, there exists 1 ≤ t ≤ k2 such that αt = xd−12 xi. We get that
xjω2ω1 = α1 · · · (xjαt/xi) · · ·αk2βω1 ∈ Ik for any 2 ≤ j ≤ M − 1. We obtain
that (x2, . . . , xM−1) ⊆ p. Thus p2 = (x2, . . . , xM−1) and p2 ∈ AssS2(S2/K) since
p = K :S2 (x
d−1
2 ). If xi /∈ p for any 3 ≤ i ≤ M − 1, then p2 = (x2) ∈ Min(S2/K) ⊆
AssS2(S2/K). 
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Corollary 2.9. Let I = (L(u, v)) be a lexsegment ideal such that v = xd−12 xℓ >lex
xd−12 xM and w >lex x2u/x1, where w is the greatest monomial of degree d with
w <lex u. Then depth(S/I
k) = M − ℓ, for any k ≥ 1.
Proof. We may assume that v = xd−12 xM−1 since, otherwise, xℓ+1, . . . , xM−1 are reg-
ular on S/Ik, for any k ≥ 1. Using Proposition 2.8 and since m /∈ AssS(S/I),
we get that depth(S/Ik) = 1 for any k ≥ 1, since (x2, . . . , xn) ∈ AssS(S/I). In-
deed, one may easy note that (x2, . . . , xn) = I : (x1x
d−2
n x
d−1
2 ). If v = x
d−1
2 xℓ, then
depth(S/Ik) = M − ℓ, for any k ≥ 1. 
Now we may completely characterize all the lexsegment ideals which are normally
torsion-free. One may note that our characterization depends on the ends of the
lexsegment.
Theorem 2.10. Let I = (L(u, v)) be a lexsegment ideal. The following condition
are equivalent.
(a) I is normally torsion-free.
(b) One of the following conditions hold:
(i) xnu ≥lex x1v;
(ii) xd−12 xM <lex v ≤ xd2 and w >lex x2u/x1, where w is the greatest mono-
mial of degree d such that w <lex v and M = min(u/x1);
(iii) d = 2, u = x1x3 and v = x
d
2.
(c) depth(S/I) = depth(S/Ik) for any k ≥ 2.
Proof. “(b) ⇒ (a)” If I satisfies one of the above conditions, then I is normally
torsion-free by Proposition 2.5, Proposition 2.8, and Proposition 2.3.
“(a) ⇒ (b)” If I does not satisfy any of the three conditions, then we have
depth(S/I) ≥ 1. Thus m /∈ Ass(S/I). According to the above results, there exists
some k ≥ 2 such that depth(S/Ik) = 0, that is m ∈ Ass(S/Ik). Therefore, there
exists some k ≥ 2 such that Ass(S/I) 6= Ass(S/Ik) and I is not normally torsion-free.
“(b) ⇔ (c)” The statement follows by using Corollary 2.9, Corollary 2.6, Propo-
sition 1.1, and Theorem 1.6. 
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